HERMAN'S CONDITION AND SIEGEL DISKS OF 
POLYNOMIALS 



ARNAUD CHERITAT AND PASCALS ROESCH 

Abstract. Herman proved the presence of critical points on the boundary of 
Siegel dislss of unicritical polynomials under some diophantine condition now 
called the Herman condition. We extend this result to polynomials with two 
critical points. 



1. Introduction 

Definition 1. Let % he the set of real numbers 9 d M. such that every orienta- 
tion preserving analytic circle diffeomorphism of rotation number 9 is analytically 
conjugate to a rotation. 

Herman proved that T-L is non empty by showing that it contains all diophantine 
numbers |Her79j . Yoccoz characterized numbers in % in terms of their continued 
fraction expansion |Yoc02| . 

We call Siegel disk of a rational map / of degree at least 2 a maximal domain 
on which an iterate of / is conjuated to an irrationnal rotation on a disk. Devel- 
oping an idea of Ghys, Herman proved in jHerSSj a general extension theorem for 
holomorphic maps having an invariant annulus with rotation number in %. Among 
corollaries he obtained: 

Theorem (Herman). 

(1) For all rational map f with degree > 2 and having a Siegel disk A of period 
one and with rotation number inH, f can not be injective in a neighborhood 
of OA. 

(2) For all unicritical polynomial P{z) — z'^ -\-c having a Siegel disk A of period 
one and with rotation number inT-L, f has a critical point on 9A. 

Remark. ([T]) means that either / has a critical point on 3A or the restriction of 
/ to 9A is non- injective (or both). 

The boundary 9A of a Siegel disk of a rational map / of degree > 2 is locally 
connected if and only if it is a Jordan curve (see JMil06 , Lemma 18.7). In this 
case, the restriction of / to (9A is always injective. Thus if moreover the rotation 
number is in "H, then part ([T]) of Herman's theorem implies that there is a critical 
point on 9A. It is not known if there exist Siegel disks with non locally connected 
boundaries for polynomials or rational maps. 

Working towards a generalization of ([2| to higher degree polynomials, Rogers 
proved the following in |Rog98| . 

Tiieorem (Rogers). // / is a polynomial with a Siegel disk A of period one and 
rotation number in % then there is a critical point in the filled Siegel disk. 



The following equivalence holds and is elementary: let K he a, compact subset of the domain 
of definition of a holomorphic map /. Then there is no neighborhood of K on which / is injective 
<;=> either / has a critical point on K or the restriction of / to X is non-injective (or both). 
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The filled Siegel disk is defined as the union of 9A and all bounded connected 
components of C\ A. The critical point in the theorem above cannot be in the Siegel 
disk, thus it must be either in 9A or in another bounded component of C \ 9A. 
It is not known whether there can be such components for polynomials or rational 
mapsj^ 

With a different approach than Herman (attacking the boundary form the inside 
instead of the ou tside, and using the Schwarzian derivative), Graczyk and Swig^tek 
proved in |GS08j : 

Theorem (Graczyk and Swi^tek). // a Siegel disk has a hounded type rotation 
number and is compactly contained in the domain of definition of the map, then its 
boundary contains a critical point. 

In particular for rational maps (including polynomials) of degree > 2, there is 
always a critical point on the boundary of bounded type Siegel disks. For polyno- 
mials, it also follows from quasiconformal surgery techniques |Zha08) . which prove 
more: 

Theorem (Zhang). The boundary of a Siegel disk of a rational map of degree > 2 
with bounded type rotation number is a Jordan curve. Thus it contains at least one 
critical point by Herman's theorem and the remarks that follow. 

One could conjecture that boundaries of Siegel disks of rational maps contain a 
critical point as soon as the rotation number is in "H. We make a small step towards 
this conjecture. 

Theorem 1 (Main theorem). For all polynomials with two critical points, and a 
Siegel disk A of arbitrary period, and rotation number satisfying Herman's condition 
then there is an element in the cycle of A whose boundary contains a critical point. 

Our proof is a refinement on Herman's proof and uses two theorems of Mafie 
and the separation theorem of Goldberg Milnor Poirier Kiwi. 

2. Unlikely components? 

Given a bounded subset X of C, let the filling fill(X) be the complement of the 
unbounded connected component of the complement of X: this is also the union of 
X and all bounded components oiC\X. A bounded subset of C is called full if it 
is equal to its filling. Let 

X = fiU(X) 

denote the filling of the closure of X. It is a compact subset of C. The bounded 
components of C \ X will be called components shaded by X. For instance, we 
will consider A where A is the Siegel disk of a polynomial of degree > 2. The 
components shaded by A we will be called unlikely components. So A is the disjoint 
union of A, dA and the unlikely components. 

Remark. If A is a Jordan domain then there is no unlikely component. There 
are many polynomials and rational maps where it is known that the Siegel disk 
boundary is a Jordan curve. There are no polynomial or rational maps where 
it is known not to be. It may very well be the case that all Siegel disks of all 
polynomials (or rational maps) are always Jordan domains: we may be fighting 
against chimaeras. However, this is still unproven and seems out of reach today. 



If there is such a component, then 9A cannot be locally connected (it is even worse, at least 
for polynomials, see Roger's theorem mentioned in section 3|. 
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3. Remarks 

Let us recall a few facts that we will not use in the present article, but which 
are related to the discussion. 




Figure 1: Example of a simply connected open set in gray, shading a component. 

On Figure [T] is an example of a simply connected open set whose closure shades 
a component. It cannot be a polynomial Siegcl disk because the shaded component 
has a boundary that is not contained in the boundary of the unbounded component, 
contrarily to a polynomial Siegel disk. In fact it cannot be a rational Siegel disk 
because it has a boundary that is locally connected but not a Jordan curve. 




Figure 2: Other examples. 

Other examples are given on Figure [2j They cannot be polynomial Siegel disks 
either, yet they will serve as good illustrations for our explanations. 
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Rogers proved the following theorem in | iRog98| : If the polynomial f has a Siegel 
disk G of period one and with rotation number in H, then either the boundary 
B of G contains a critical point or B is an indecomposable continuum with three 
properties: (1) B has at least three complementary domains, and B is the boundary 
of each of them, (2) each bounded complementary domain of _B is a component of 
the grand orbit of G and so a bounded component of the Fatou set, and (3) one of 
the bounded complementary domains of B contains a critical point. 

A continuum is a non-empty compact connected metric space. A continuum 
is indecomposable if it cannot be written as the union of two closed connected 
proper subsets. An indecomposable continuum is never locally connected. An 
indecomposable continuum in the plane which is the common boundary of at least 
three complementary domains is called a Lakes of Wada continuum. 

There are examples of holomorphic maps defined on a simply connected open 
subset U of C with a Siegel disk compactly contained in U and whose boundary 
is not locally connected (for instance a pseudocircle, see |Chell| ). but no known 
examples with an unlikely component. 

Some of the proofs in the present article are close relatives of Rogers', some will 
introduce new tools. 

4. Proof 

Recall that a Siegel disk of a rational map is a component of the Fatou set. Recall 
that for a rational map, the image of a Fatou component is a Fatou component. 
For fc > 0, let 

so that the orbit of A is A = A" i-^ • • • A^^i i-^ A^ = A. 

Let J denote the Julia set of P. Let A be the basin of attraction of infinity for 
P. Recall that dA = J and that the boundary of a Siegel disk is contained in J. 
Thus 

dA'' c A. 

Recall that A is connected and unbounded. From this fact and from dA = J it fol- 
lows that any non-empty bounded and connected open subset of C whose boundary 
is contained in J cannot contain points in J and thus is a Fatou component. 

Lemma 2. Any bounded component of C\ dA'' is a Fatou component. 

Proof. It follows from the above discussion, since the component has its boundary 
contained in dA'' C J. □ 

bmce A'' and A''+^ are Fatou components, 

P{dA'') = dA''+\ 

Recall that for a polynomial, A is completely invariant so the image of a bounded 
Fatou components is a bounded Fatou component. 

Lemma 3. The image of a bounded component ofC\dA'' is a bounded component 
of C\ dA''^^ . In particular: 

P{Ak) C A^. 

Proof. Consider a bounded component J7 of C \ dA''. Since dU C dA'', we have 
P{dU) c aA'^+i. Now dP{U) c P{dU) because P is open. Also, P{U) n dA''+^ = 
because P{U) is a Fatou component thus disjoint from J D dA''^^. Thus P{U) is 
a connected non-empty subset of C\dA''~^^ whose boundary is contained in dA'''^^. 
It is therefore a component of C \ dA''^^. □ 
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Lemma 4. Let X be a hounded subset ofC If X is connected, then S[\{X) and X 
are connected. 

Proof. Assume by contradiction that fill(X) is not connected. There exists then a 
partition of X by two subset relatively open A and B. In particular every point in 
one of these sets is at positive distance from the other. Recall that fill(X) is the 
union of X and the bounded components of C\X. Each of these sets is connected 
thus is contained in exactly one of A and B. We may relabel them so that X C A. 
As B 0, there exists a bounded component AI oi C\X such that M C B. As C 
is connected, there exists z in the boundary of M in C. Either 

(1) z € X: then z ^ A thus is at positive distance from B thus from M, so it 
cannot belong to the boundary of M in C. This is a contradiction. 

(2) z ^ X: Then M U {z} is a connected subset of C \ X and M a connected 
component thereof, so z € M. Thus z ^ B. Thus z is at positive distance 
from X. Thus there is some e > such that B(z,e) O X = 0. Thus 
B{z, e) U M is a connected subset of C \ X thus B{z, e) C M thus z cannot 
be in the boundary of M in C. Contradiction. 

Thus fill(A') is connected. Now if X is bounded and connected then X is bounded 
and connected and thus fill(X) — X is connected. □ 

Thus A'^ is connected. It is also contained in p-i(A^) by Lemma [i] 

Definition 5. Let A'^ be the connected component o/P^^(A'^+i) that contains A*^. 

Let ric the number of critical points of P and the rotation number of A. Let 
no be the number of critical points of P belonging to lJfe>o Then < no < Uc. 

Tlieorem 2. Let B = Ufc>o dA'' . 

(1) (Herman) If hq ^ then ^U. 

(2) If Hq = Uc then there is a critical point on B. 

(3) If Uc — 2 and no = 1 then the latter critical point must belong to B. 

The really new part is case ([s]). Theorem [2] implies our main theorem, since it 
covers all cases when Uc = 2. 

Complement, //no = then there is no unlikely component. 

The proof of Q uses classical tools of one variable complex analysis: Riemann's 
uniformization theorem, Schwarz's reflection principle, Caratheodory's kernel the- 
orem. A key step is to prove that conjugating PP by the uniformization of the 
complement of A to C \ D gives a circle diffeomorphism with rotation number 9. 

The proof of ^ uses Sullivan's non-wandering theorem, the classification of 
periodic components of the Fatou set, and Mane's theorem stating that OA is 
contained in the w-limit set of a recurrent critical point. 

The proof of ([3| and the complement to ([T]) use the fact, already remarked 
by Rogers in [RogSSj, that the shaded components of dA all eventually map to 
A under iteration of P. This fact is proved using the Goldberg-Milnor-Poirier- 
Kiwi separation theorem and Sullivan's non-wandering theorem (and indirectly the 
classification of periodic Fatou components via the separation theorem) . 

The proof of ^ will use again the classification periodic of Fatou components, 
and again a conjugacy of P^ by the conformal map from C \ A to C \ D, but this 
time giving a degree d > 1 cover of the circle instead of a bijection, and another 
theorem of Mane, about hyperbolicity in one dimensional real dynamics, general 
facts about connected sets and connected components, and a little bit about plane 
topology and ramified covers. 
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4.1. Backward image of continua. 
Proposition 6. 

a) If K CZ C is a continuum and F a non- constant rational map then F^^{K) con- 
sists in finitely many connected components, all of which are mapped surjectively 
to K by F. 

h) There exists a neighborhood V of K such that every connected component of 
F^^{V) contains at most one connected component of F~^{K). 

Proof. 

|a]) Let Ve be the set of points at spherical distance at most e from K. Then is 
connected and ne>o ^ e = K . The map is a finite degree ramified cover from 
S to S. Thus -F is a finite degree ramified cover from each connected component 
of F~^{Ve) to Ve- In particular each component of F^^{Ve) is mapped surjectively 
to 14. Let C be a connected component of F^^{K). Let be the connected 
component of -^"^(^4) that contains C. The set 

e>0 

is a decreasing intersection of compact connected sets thus is connected. It contains 
C since Ue does. Since F is continuous, F{Ue) C V^. Thus F{L) C K. Thus L is 
a connected subset of F~^{K) so L C C. So 

L = C. 

Now F{Ue) ^VeZ) K. For any z e K choose a point e [/^ n F^^{{z}). Choose 
any limit x = limz^^. Then x must belong to all thus to L. Also F{x) = z. We 
have thus proved that K C F{L). Thus 

K C F{C). 

So K = F(C) i.e. C is mapped surjectively to K. Now take any point in K: it has 
finitely many preimage and each connected component of F^^iy^) must contain 
one thus there is finitely many such components. 

[b| The number of components of F^^{y^) is bounded from above by the degree of 
F and never increases as e decreases. This number reaches thus a mamixum for e 
small enough: it is equal to some m > 1 for all e < Eq. Now let V = for any 
e < Eq. If a component of F~^(V) did contain more than one connected component 
of F~^{K), they would both be contained in the same intersection L, leading to a 
contradiction. □ 

In the theorem above, since there are finitely many connected components of 
F~-^{K) and since they are compact, each component is at positive distance from 
the rest. This is also implied by Q. For instance there is a neighborhood of 
in which the latter is the only preimage of A'^+i, and A'' is mapped surjectively to 
A^. 

Lemma 7. IfVk, A'^ ~ A'^+i then A is locally backward invariant by PP , i.e. 
there is a neighborhood of A in which the preimage of A by PP is A. 



•^This is related to the notion of confluent maps that wc found in |Rog98| : A continuous map 
f : X Y between metric spaces is confluent if each component of the inverse image of each 
continuum is mapped onto that continuum. Open maps between compact sets are confluent. Thus 
rational maps are confluent. 
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Proof. Without assumptions PP(A) C A, i.e. A C P ^(A). Any connected subset 
C of P~P(A) containing a point in A has connected images P''{C) that contain 
a point A'^'. By induction descending from fc = p to fc = 0, it fohows from the 
assumptions that P'=(C) C A'=. Thus C C A. Thus A is a connected component of 
P~P[A). By the discussion above, the union of the other components is at positive 
distance from it. □ 

The converse holds (but will not be used in this article). Note also that under the 
assumptions of the lemma, P^'(A) = A so that A is in fact locally totally invariant. 

Consider a non-empty connected compact subset K oi C that is also full. Then 
K has a basis of connected simply connected open neighborhoods in C; this can be 
proven for instance by using the conformal map (f) from C \ if to C \ D when K is 
not a single point, and taking the neighborhoods C \ 0^^(C \ P(0, 1 + e)). 

Lemma 8. // A'^ does not contain a critical point then A*^ = A'^ i.e. A*^ is a 
connected component o/P^^(A'^+i). Moreover, P is a bijection from A*^ to A'^+i. 

Proof. Let us consider a connected simply connected open set V containing A'^+i 
and contained in the neighborhood of Proposition 6|b I and containing no critical 
point. By the discussion above, this exists. Let U be the connected component of 
P^^{V) containing A'^. Then P : U ^ V is a, cover (it has no ramification) over a 
simply connected set, thus is an isomorphism. In particular, P is injective on A''". 
Since P(aA'=) = dA''+'^, this injectivity implies that U f] P'^{dA''+^) = dA''. Let 
be a bounded component of C \ dA''^^ and W' be a connected component of 
P~^{W) n U. Then dW C dA''+^ thus dW C dA''. Hence W is contained in 
Afe. □ 

4.2. Proof of ([ij. It is the same as Herman's proof (that generalizes a proof of 
Ghys). 

The composition PP maps A in itself. By Lemmajsj and the assumption tiq = 0, 
^fc _ f-Qj- oil Thus by Lemma]?! A is a connected component of P~p{A) and 
the rest of P~p(A) is at positive distance from it. Consider the unique conformal 
map 0:C\A— >-C\D such that (j){z)/ z has a positive limit at oo. Then a point 
z varying in C \ A tends to A (for the euclidean distance on C) if and only if (j){z) 
tends to 9D. The composition /(z) — ipo PP o is defined on 0~"'^(C \ P~''(A)). 
This set contains no point in D but contains an annulus 1 < \z\ < 1 + e and the 
distance of f{z) to dV) tends to as z — > dV). By Schwarz's refiection principle, 
/ extends to a holomorphic map / defined in a neighborhood of dD and mapping 
5D to itself. 

Lemma 9. The restriction of f to dD is an analytic sense preserving difjeomor- 
phism with rotation number 9. 

Proof. We saw that / is analytic. Since / = / for \z\ > 1, the annulus of equation 
1 < \z\ < l+eis mapped in C \ D by /. So first there can be no critical point of 
/ on dD, whence / is a local diffeomorphism. Second / preserves the orientation 
on dD. To prove that / has degree on^on dD and has the same rotation number 
as the Siegel disk, Herman's trick is to do the same construction as above but 
replacing A by the sub-disk A,. = tp{B{0,r)) where r < 1 and i/j : D — A is a 
conformal map sending to the center of the Siegel disk, i.e. to the periodic point. 

"^Being orientation preserving and without critical point is not enough to ensure bijectivity, 
think of the angle doubling map. 
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Recall that the map ip is also a conjugacy from the rotation of angle 2TrO to PP. 
Let (jjr be the unique conformal map fr'om C \ — >■ C \ D such that (j3r{z)/z has 
a positive limit at oo and let = (f>r o o cf)^^. Since the boundary of is 
a Jordan curve (better: it is an analytic Jordan curve), the map (j)r extends to 
a homeomorphism from dAr to dD. The map (j)r o ip conjugates the rotation of 
angle 2tt9 on the circle of radius r to fr on dD. Thus the rotation number of fr 
is equal to 0. The domain C \ A^ tends to C \ A in the sense of Caratheodory. 
Thus as r — > 1, (j>r — > (p uniformly on compact subsets of C \ A and (f)^^ — > 
uniformly on compact subsets of C \ D. Let us prove the following claim: apart 
from A itself, the components of P~p{A) are at positive distance from A. First 
recall that P~p{A) \ A is at positive distance from A. So we must prove that 
P~P(A) n A = A. This follows from the injectivity of P on A*^ given by Lemmajs] 
We proved the claim. Now, since — > (f>^^ uniformly on compact sets, the 
image by of the annulus of equation 1 < |z| < 1 + e/2 is disjoint from the 
components of P^p{A) that are different from A. Thus the domains of definition 
of fr contain a common annulus 1 < \z\ < l + e/2 for r close enough to 1. Thus 
the domains of definition of fr contain a common annulus containing dD for r close 
enough to 1. On the boundary of this annulus, fr converges uniformly to /. This 
implies by the maximum principle that fr converges uniformly to / on the annulus, 
so in particular on dD. As a uniform limit of sense preserving homeomorphisms 
of fr : dD — >■ dD with rotation number 9, f has degree one and rotation number 

e. □ 

Now if 9 did belong to H then / would be analytically linearizable on dD. The 
linearizing map would have an injective holomorphic extension to a neighborhood 
of dD, and by analytic continuation, this extension would still conjugate / to a 
rotation in a neighborhood of dD. Recall that /(z) — f(z) for \z\ > 1 thus / would 
have a stable domain containing an annulus of the form 1 < \z\ < 1 + e' . Thus P^ 
would have a stable domain containing a neighborhood of A, thus a neighborhood 
of dA. This contradict the fact that dA is contained in the Julia set. 

4.3. Proof of ([2|. Denote (jj{z) the w-limit set of z, i.e. the set of points of accu- 
mulation of the sequence P"(z). 

Consider a critical point c that belongs to the Fatou set of P. By Sullivan's 
non-wandering theorem and Fatou's classification of periodic components, uj{c) is 
either equal to an attracting cycle, a parabolic cycle, or a cycle of invariant curves 
in Siegel disks. The intersection uj{c) H J is therefore finite or empty. 

Another theorem of Fatou says that i9A C Uc'^('^)' union being over all 
critical points. The set dA is contained in J and contains infinitely many points. 

Recall that A*"' is the disjoint union of dA'^ and of the bounded components of 
C\9A'^, and that the latter are Fatou components. Since we are in the case uq — Uc, 
all critical values of P belong to some A'^. If no critical value were on B, they would 
all belong to the Fatou set, thus Jfl {{Jc^ic)) would be finite contradicting the 
fact that it contains the infinite set dA. 

To prove that there is not only a critical value, but also a critical point on i?, 
we must use the following theorem of Mane |Maii93| . much harder than Fatou's: 
there exists a recurrent critical point c such that dA C (^{c). As above, P{c) must 
belong to B. Since P{B) = B, we have u;(c) = uj{P{c)) C B. Since c G w(c), we 
have c & B. 

Remark. We did not need the following, but in fact according to Roger's lemma 
below, every unlikely component is eventually mapped to a A*"'. Thus if P{c) belongs 



HERMAN'S CONDITION AND SIEGEL DISKS OF POLYNOMIALS 



9 



to an unlikely component, then w(c) is a cycle of invariant curves in IJj. A*^, and 
thus does not intersect J at all. 

4.4. Unlikely components eventually map to the Siegel disk. To prove ([S]) 
and the complement to ([ij , we need the following lemma. Recall that a component 
shaded by QA*"' is a Fatou component and is mapped to a component shaded by 

Lemma 10 (Rogers, Theorem 3.3 in |Rog98| ). All components shaded by dA^ 
eventually map under iteration of P to some A' (thus eventually maps to any A'j. 

Proof. This is almost the same proof as in |Rog98| . The Goldberg-Milnor-Poirier- 
Kiwi separation theorem jKiwOO] states that there exists m > such that the union 
L of the set of external rays fixed by P™ (there are finitely many of them) union 
their endpoints (they land) cut the plane into regions, each of them containing at 
most one periodic Fatou component or cremer point (and never both of them). 

Let J7 be a components shaded by 9A''. By Sullivan's non- wandering theorem, 
it is eventually mapped to a periodic component V = P"{U). Such a component 
is by Fatou's classification either an attracting component, a parabolic component, 
or a Siegel component. If V were not one of the A', then V would be separated by 
L from all the A'. In particular, the intersection of dV with dA' would be at most 
one point. However, dV C B and dV is infinite. Contradiction. □ 

4.5. Proof of the complement to ([iJ. If hq ~ then we saw that the map P 
is a bijection from 

^fe to A'^+i. Thus A'^+i has only one preimage by P in A*^, 
namely A''. Any component V shaded by A™ has its orbit contained in IJ^.A'^, 
and eventually maps to some A' by Rogers' lemma. Thus V — A™. There is thus 
only one component shaded by 9 A™: there is no unlikely component. 

4.6. More tools. Recall that A'^ is the connected component of P^^(A'^+i) con- 
taining A*"'. We can choose a small enough connected and simply connected open 
set Vk containing A*-' so that there is no critical value of P in Vk \ A'''. By Proposi- 

, we can choose Vk so that moreover, letting Uk be the connected component 

of P"i(Vfc+i) that contains A'^, we have C/fc n F"HA'=+i) = A'^ i.e. Uk contains A'^ 
but does not contain the other preimages of points of A'^+i if there are some. Let 
us also set Uk+p = Uk and Vk+p = Vk for all fc > and n > 0. The map Pk is a 
finite degree ramified cover from Uk to Vk+i- The set Uk is simply connected. 
Note that there is no a priori inclusion between Uk and Vk- 
By the separation theorem, there is a system of external rays and their endpoints 
that separate the different A*^. The external rays are contained in the basin of 
infinity thus they do not intersect A*^. Thus for i ^ j mod p. A* n A-? is either 
empty or consists of a single landing point of a periodic external ray. 
The following lemma is elementary: 

Lemma 11. If A and B are hounded subsets of C then 

A C fill(B) <^ mi{A) C mi{B). 

Proof. 

■i^=: immediate since A C fill(A). 

=4>: when A C fill(i?), the unbounded component of C \ S is disjoint from A thus 
it is an unbounded connected subset of C \ A thus it is contained in the unbounded 
component of C \ ^, i.e. fiU(A) C fill(B). □ 
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Corollary 12. If A and B are bounded subsets ofC then 

Ac B <^ AcB AcB. 

The first equivalence holds because B is closed, the second by applying Lemma flll 
to A and B. 

Lemma 13. For all compact subset K ofC, p-^{m\{K)) = m\{p-^K)). 

Proof. Let U be the unbounded component of C \ i^, so that fill(iir) — C \ U. 
Let V be the unbounded component of C \ P^^(K). The lemma is equivalent to 
V = P~^{U). As V is connected, P{V) is connected and disjoint from K and 
undbounded thus P{V) C U, i.e. V C P^^{U). Since P is a finite degree ramified 
cover and U is open, its restriction to P~^(U) is a finite degree ramified cover over 
U. Each component of P^^{U) will map surjectively to U, and thus be unbounded, 
so there is exactly one component of P^^(U). Thus P^^{U) is unbounded and 
connected and it does not intersect P^^{K) (as U does not intersect K). Thus 
P-^iU) CV. □ 



We do not know if Lemma 13 still holds if we replace the compact if by a 
bounded subset X. However: 

Corollary 14. For all bounded subset X ofC, P^^(X) = P-^). 



Proof By definition, P-^{X) = fiU(P-i(X)). Next, P-'^iX) ^ P^^{X) (c 



because P is continuous, D because P is open). Now apply Lemma 13 with 



K = X. □ 

The following lemmas aim at proving Proposition |17| below. 

Lemma 15. If X and Y are bounded subsets of C and dY C X then Y C fill(X). 

Proof. Let A be the unbounded component of C\X: if F ^ fi\\{X) then Y\^A^ 0. 
As Y is bounded, A (/iY and as A is connected there exists z G A in the boundary 
olY C\ A relative to A. This point is also in the boundary of Y relative to C, thus 
in X by asumption. Thus z S AT n A = 0, which is a contradiction. We have 
thus proved that Y C fiU(A). Since F = F U SF, and 9r C A C fill(X), we get 
FcfiU(A). □ 

Lemma 16. The connected components of a full bounded set are full (and bounded). 

Proof. Let A be a full bounded set, so fill(A) = A. Let C be a component of A. 
By Lemmajlj fill(C) is connected. Since C C A, Lemma 11 gives fill(C) C fill(A), 



i.e. fill(C) C A. Thus fill(C) is a connected subset of A containing the connected 
component C of A thus fill(C) — C, i.e. C is full. □ 

Proposition 17. Let X be a bounded subset ofC 

(1) For all connected component C o/fill(A), 

C = fill(AnC). 

(2) For all connected component C of X , 

c = XnC'. 

Proof Let us prove the two inclusions C D fill(A n C) and C C fill(A n C) 



D: A n C C C C fill(C) thus by Lemma 11 fill(A n C) C fiU(C). The set fiU(A) 



is full so by Lemma 16 fill(C) = C 



C: Let z e C. Either 

• z e A: Then z G A n C C fill(A n C). 
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z ^ X: Let A the bounded component of C \ X to which z belongs. Then 
A d C . Let B the unbounded component of C \ X. Since A and B are 
distinct connected components of C \ X, there exists an open subset U of 
C such that A CU, B OU = 0, and dU C X. Let V be the connected 
component of U that contains A. Then dV C dU thus dV C X. By 
V C fill(X). Since V is connected, F is connected. Since C is a 
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Lemma 

connected component of fill(X), F C C. Therefore dV C X H C. Moreover 
yni? C UOB = thus yni? = 0. Therefore, z is contained in a bounded 
connected component of C \ (X n C): z e fiU(X n C). 

([2]) comes from ([T]) applied to X, since X = fill(X), and from the fact that C 
is closed, as a connected component of a closed set, thus X Ci C is closed thus 

mi(X n c) = Xnc. □ 



Remark. Proposition 
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item (2j) is not true if we replace X hy X, as the 
following example shows (see figure [3 1 : X is the union of the three (closed) segments 
drawing a polygonal line with vertices 0, —i, 1 — i, 1, and of the horizontal segments 
[0, 1] +1/2" for n > 0, and C is the convex hull of the four aforementioned vertices. 



X 



xnc 



X 



xnc 



X 



c 



Figure 3: An example of bounded set X and connected component C of X where 



4.7. Proof of ([3|. Now let us deal with the case where uq = 1: there is only one 
critical point in the union of the A*-'. Call it c'. Without loss of generality, we may 



assume that c' G fill(A). In section 4.6 we defined simply connected open sets Vk 
and Uk containing A'^, and that there is no critical value of P in \ A*^ and P is 
a ramified cover from Uk to Vk+i and Uk+p = Uk and Vk+p ~ Vk- 
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First case: -P(c') S i9A^. The critical value P(c') S Vi has only one preimage in 
Uq. Since there must be at least one preimage on dA (recall that P(9A'^) — 9A''+^), 
this implies that c' G i9A. 

Second case: -P(c') ^ (3A^. We will get a contradiction according to the following 
plan: we will first prove that A is locally totally invariant by PP (see below). 
We will then conjugate by the conformal map from C \ A ^ C \ D, like in 
case ([T]). The local total invariance implies that we get a map defined in an annulus 
1 < |z| < f + e, but this time the induced circle map has degree > f . We will then 
use a theorem of Mafie ensuring hyperbolicity of this circle map, provided there are 
no non repelling cycles on the circle. The hypothesis rzc = 2 of case ([s]) will be used 
to check the absence of such cycles. Once we have this hyperbolicity, this implies 
that the map has a polynomial-like restriction to a neighborhood of A, with only 
one critical point. We can then apply Herman's theorem (or case ([2|), and get the 
contradiction. 

The rest of section [47] is devoted to the proof of the contradiction in the second 
case. 

4.7.1. Towards local invariance. Recall that we work by contradiction, so that what 
we prove here needs not to hold in reality. As PP(A) — A, we have A C P~^(A). 
Let us prove that those points of the p-th preimage of A that are not in A are at 
some distance from A, i.e. that A is locally totally invariant by PP. For this it is 
sufficient to prove that VA;, A*^ = A*^. r| 



The assumption that the critical value P{c') does not belong to 9A^ implies that 
it belongs to a component shaded by dA^. Since on one hand P{c') belongs to the 
Fatou set and on the other hand A' H A-? is either empty or a single point in the 
Julia set, it follows that there is no critical value in A'' when fc 7^ 1 mod p. Thus 
by Lemma [8] 

when k mod p, A'^ = A'^. 
The next few sections aim to prove that it also holds when k = mod p, i.e. 
that A = A. We saw that P(c') belongs to a component shaded by dA^. It cannot 
belong to A^ for otherwise it would have a simple preimage in A but it has only one 
preimage in Uq, which is multiple. Thus P(c') belongs to an unlikely component. 
This unlikely component has its orbit contained in IJj. A*-' and is eventually mapped 
to some a'. 

4.7.2. Symmetries. The map P : Uq ^ Vi is a ramified cover, ramified over only 
one point, and Vi is simply connected thus it is equivalent to the map £) : D — ^ D, 
z I— T' z"* where d is the local degree of P at c'. Since P{c') does not belong to 
A^, it implies that A^ has exactly d preimages in A. The map D : z 1— ^ z"^ has 
a transitive and cyclic group of automorphisms ~ (Z/(iZ,+): it is the group of 
rotations generated by z 1— )■ ^'^^l<^ , Thus the ramified cover P : ^ V\ has a 
transitive group of automorphisms G that is cyclic. Let p : f/g C^o be a generator. 
The d preimages of A^ are the sets p"(A), n G Z. Let us call them partners and 
denote O their union: 

o = A n p-i(Ai) = ;7o n p-\A^) = |J p"(A) = |J 5(A). 



^Indeed, the latter means that every point close enough to (i.e. in a neighborhood of) A* 
but not belo nging to this set is mapped to the complement of A*+l by P (see the discussion in 
Section 4.1 1. By continuity of P, points close to A**' are mapped close to A'^+l. Thus for all 
m > and all fc, points close enough to A* but not belonging to this set are mapped by P™ to 
the complement of A*+'". 
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By Corollary 14 P ^(A^) = P ^(A^). The set A is thus a connected component 



of P-i(Ai), so by Proposition [it) A = fill(P-i(Ai) n A). Now P'\A^), the 
preimage by P of A^, consists in finitely many components: the ones in A, whose 
union compose O and the other ones, which are disjoint from Uq, so their closure 
is disjoint from A. Thus P-i(Ai)nA = P-i(Ai) n A. Thus mi(P-i(Ai) n A) = 
fill(P-i(Ai) n A) m\(Z) = Z with Z = P-I(A^) n A = C Thus 

A = (5. 

4.7.3. Mutual shading. Given what was said above and since P(c') ^ A^, the first 
time c' gets in IJa: A'' is for the form pi+™P(c') e A^ with m > 1. Thus P™p(c') e 
m(A) for some u E G with u ^ id. Recall P(c') is contained in a component shaded 
by dA^. Since mp > 1, it follows that P™p{c') belongs to a component shaded by 
9A. So we proved that: 

3ueG\{id} u(A)cA. 
In other words, A s hades one of its partners. 



By Corollary 12 u(A) C A. Since [/q is simply connected, its complement is 
connected and thus for any subset X of Uq and any a E G, fill(a(X)) = a(fill(X)), 

and thus a{X) = a(X). In particular 

u{A) c A. 

Now let M be any element of the orbit of A under G and assume that for some 
a e G, a{M) C M. Then Vg e G, ga{M) C g{M). In particular M = a'^{M) C 
a'^-i(M) C • • • C a^{M) C a(M) C M. Thus a{M) = M. In particular 

u{A) = A. 

Applying g E G, we get: ga{M) — g{M). Since G is a cyclic group, there exists a 
divisor m > of d such that, noting H = (p™) the subgroup generated by p™, and 
G - A = {A,p(A),p2(A),...}, we have: 

Va e G, VAf , iV e G • A : 

• a(M) = M <^ a e iJ, 

• M C =^ Af = A^. 

In particular, 

\H\>1. 

Note that by the second point, M ^ N =^ M (t N and N (/_ M. 
For all heH, h{dA) = h{dA) = dh{A) ^ dA = dA: 

V/i e H, h{dA) = OA. 

For all g G G, let M = g{A): recall that c' e A = A. Thus g{c') £ g{A) = 5(A). 
Since c' is fixed by g: c' £ M \ M, i.e. the critical point c' is shaded by g{A). 

4.7.4. Wada lakes. We will prove that H = G. Therefore, all partners will shade 
each other, and they will all have the same boundaries, like Wada lakes. 
Assume by contradiction that H ^ G. 

Then A ^ p{A) thus by the properties above, A ^ p(A) and p(A) ^ A. 

As A ^ p(A) and A = dA and p(A) = p(A) this implies (see Corollary 12) that 
dA (f_ p{A). Thus there is a point zq £ dA \ p{A). Since p(A) is closed, there is a 
neighborhood of Zq that does not intersect p{A). Let B — B{zo,e) be included in 
this neighborhood and in Uq and not containing the critical point. Since zq £ dA, 
B intersects A. Denote b — p™, which we recall is a generator of H. Since b £ H, 
b{dA) = dA so b{zo) £ dA thus b{B) intersects A too. Now choose any curve 
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contained in A and going from a point zi in A H i? to a point Z2 in A n h{B). 
Complete it by any curve contained in B from zi to zq and by any curve contained 
in h{B) from Z2 to /i(zo): thus we get a curve 70 going from zq to h{zQ). Extend 
this curve by periodicity into a curve 7 = 70 • ^(70) ' ^'^(70) ' ■ • -i "we get a closed 
curvc|^going through zq, b{zo), .... This curve does not contain the critical point, 
it does not intersect p(A) (so in particular 7 n p{dA) = 0) and for all h E H it 
does not intersect ph{A). 

Let us prove that 7 separates c' from 00. For this let us go into the disk model 
of Uq: we already remarked that there is an analytic isomorphism from Uq to D 
that sends c' to and conjugates the group G to the group of rotations generated 
by z e^'^^l'^z. The curve 70 goes from zq to some e^'^^^l'^z^ ^ zq- The lifted 
rotation angle around of 70 is therefore 7^ 0. The lifted rotation angle of 7 is d 
times the former, thus 7^ 0. Therefore the winding number of 7 around is 7^ 0. 
So 7 separates from 9D in the disk model. This proves the claim. 

Let us sum up: using A ^ /o(A) we have constructed a closed curve 7 that 
separates c' from 00, contains a point in 9A, does not intersect p{dA) and for all 
h £ H does not intersect ph{A). 

Similarly using p{A) ^ A we can construct a closed curve 7' that separates c' 
from 00, contains a point in p{dA), does not intersect i9A and for all h G H does 
not intersect h{A). 

We claim that the construction of 7' can be done so that moreover: 

7n 7' = 0. 

Indeed, 7 C A U U/jgff HB) and 7' C p{A) U [JheH KB') and h{B) doet not meet 
p(A) (because h{B) n p(A) = h{B) n p{h(A)) = h{B) n h{p{A)) = h{B n p{A)) = 
h[0) = 0). In particular h{B) n p{A) = 0. Similarly h{B') D A = 0. Of course 
A n p(A) = 0. So the only possible intersection is in some h{B) n h'{B') for some 
h, h' € H . So once the starting point Zq has been chosen in p{dA) \ A, which is 
non-empty, then note that /i(zq) does not belong to 7 because 7 is disjoint from 
hp{A) = ph{A) = p{A) and then it is enough to choose the ball B' = i3(zg,e') 
small enough so that V/i G H, h{B') n 7 0. 

Let X be a bounded subset of C. Let cCao{X) denote the unbounded component 
of C \ X. The letters cc stand for complementary component. For z <^ X, let 
cCz{X) denote the component of C \ X containing z. If Z is a non empty subset of 
a connected component U of C \ X, let ccz{X) denote U . 

Let X — p{dA) and Y — ^. Then X and Y are bounded, non empty, disjoint, 
connected. Thus at least one of them must be contained in the unbounded com- 
ponent of the complement of the other: X C cCooiX) or y C cCrx,{X) or both. 
Similarly, neither X nor Y contains c' thus, X C cCc'(Y) or F C cCc'{X) or both. 
Both X and Y separate c' from 00: cCc'{X) ^ cCrxiiX) and ccc'(y) 7^ cCrx,{Y). 
From all this, it follows that exactly one of the following holds: 

• X d ccoo(y) and Y C cCd{X) 

• Yd cCoo(X) and X C cCc'(F) 

Now, y = 7 cannot be contained in a bounded component of the complement 
of X = p(5A), for otherwise 7 would be contained in a Fatou component but 7 
contains a point of dA. Thus it is the second line that holds: 

7 C cCoo(/3(9A)) and p{dA) C ccc'(7). 

Similarly 

7' C cCoo(9A) and dA C cc^'in'). 



'It is hot hard to get a simple closed curve, but we will not need to. 
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Now 7' is disjoint from 7 and contains a point in p{dA) thus 7' C ccc'(7). 
Similarly 7 C ccc'(7')- This contradicts the fact that 7 and 7' separate c' from cx). 
We thus proved that H ^ G leads to a contradiction. 

4.7.5. Obtaining local invariance. Therefore H = G. We have thus proved that 
Vg e G, g(A) = A. Thus 

Vg e G, (KA) = A. 
In particular (?(A) C A. Thus we proved: A shades all its partners i.e. 

O C A. 



Using Corollary 12 it follows that O C A. Recall that A — O. Thus we proved 



that A C A. Since by definition A C A, we proved: 

A = A. 

This finishes the proof that A is locally totally invariant by P^, under the asumption 
that P(c') ^ aAi. 

4.7.6. Analytic cover of the circle with non vanishing derivative. Therefore, like in 
case ([!]) of Theoremjij conjugating P^ by a conformal isomorphism </> : C\ A — > C\D 
yields an analytic function f = (f) o PP o (f)~^ whose domain of definition contains 
an annulus of the form 1 < jz] < 1 + e. Again, \ f{z)\ tends to 1 as \z\ — > 1 so we 
can do Schwarz's reflection and get an analytic extension / to a neighborhood of 
the unit circle dD. The difference with case ^ is that the new map is no longer a 
circle diffeomorphism: 

Lemma 18. The restriction of f to 9D is a is a degree d cover of the circle, with 
non-vanishing derivative. 

Proof. The derivative cannot vanish and the differential must preserve the orien- 
tation of dD. Those two claims hold because f{z) = f{z) on 1 < |z| < 1 + e 
and the image of this annulus by / does not intersect D. Thus / must be a cover 
of the circle. Let m be its degree. For all neighborhood U of i9D there exists a 
neighborhood V of (9D such that every point in y \ D has exactly d preimages by 
/ in C/ \ D. The map P^ is a degree d cover from ?7o to Vi (whose critical value 
is in A) and an isomorphism from to V^+i when fc ^ mod p. Thus we have 
a similar property: for all neighborhood U of A*^, there exists a neighborhood V 
of A'=+i such that every point of V \ A'^+i has exactly d or 1 preimages by P^ in 
U \ A'^, according to whether k — {) mod p or not. From this it follows that for all 
neighborhood J7 of A there exists a neighborhood y of A such that every point in 
F \ A has exactly d preimages in t/ \ A. Thus m = d. □ 

4.7.7. Absence of non repelling cycle for the circle map. Let us work by contra- 
diction. Li the case of existence of an attracting or parabolic cycle of / on 9D, 
choose a point a in the cycle, let m be its period and let A be its immediate basin. 
Let B = (t>~^{A). Then B is bounded in C and stable by an iterate of P'^p . It 
is therefore contained in a periodic component of the Fatou set B' . Let us prove 
B' = B, even though we do not really need that fact: (^{B') is bounded, connected, 
invariant by / and contains A. It is thus contained in the immediate basin of the 
same attracting periodic point/parabolic petal, a.k.a. A. Thus = A thus 
B' = B. Since every point of A tends to a under iteration of /"p, every point of 
B tends to i9A under iteration of P"^p. Thus in particular the component B is not 
part of a cycle of Siegel disks, because every point in a Siegel disk has an orbit that 
stays bounded away from the Julia set. It is therefore a component of an immediate 
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attracting or parabolic basin. In particular the cycle of components B belongs to 
must contain a critical point. 

Let us now use the assumption = 2, i.e. that P only has two critical points. 
One of them is c' and eventually maps to A so its orbit does not accumulate on 
dA. The other is contained in the cycle of B so its orbit accumulates on a finite 
set. This contradicts Fatou's theorem saying that dA C IJ^aj(c), the union being 
over all critical points. 

Therefore there is no non-repelling cycle for / on dD. 

Remark. If there is > 2 critical points then we were not able to get a 
contradiction, because a third critical point could play the role in Fatou's theorem. 
All we can say is that if there is a non-repelling cycle for / on 9D then there must be 
a parabolic cycle on dA. Indeed in B every point tends to dA under iteration of P™p 
but also to the attracting or parabolic cycle of which S is a basin. Therefore, the 
cycle is contained in dA and cannot be attracting so it is parabolic. Unfortunately 
the separation theorem does not prevent this: the separating external rays could 
as well land on this parabolic point and still separate B from A. 

This is the only place in the proof of case ([s]) where we use the assumption 
Tic = 2. 

4.7.8. Hyperbolicity. Let us cite Theorem A in IMan85) (see also [Man87])- 

Theorem (Maiie). Let N ^ S'^ (the circle) or N = [0, 1]. /// is a C map from N 
to N and A d N is a compact invariant set that doesn't contain critical points, sinks 
or non-hyperbolic periodic points, then either A = N = and f is topologically 
equivalent to a rotation or A is a hyperbolic set. 

By the preceding discussion, we can apply this to / on 9D with N — dH: 



Section 4.7.7 proved the absence of attracting or parabolic cycle, and Lemma 18 
the absence of critical points. 

So / is hyperbolic on (3D, which means that there is a continuous function 
p{z) > on the unit circle such that / is uniformly expanding with respect to the 
metric p{z)\dz\, i.e. p{f{z))\f'{z)\ > np{z) for some k > 1. Consider for some £ > 
the domain 

V =\J (exp(i0-ep(e*«)),exp(i0 + ep(e'«))) . 
em 

Let U be the connected component U of f^^{V) containing the unit circle. For e 
small enough, U is compactly contained in V . 

Let U' = AU(/)-HC^) and V = AU(I)-'^{V). Then U' and V are open, connected, 
simply connected, U' is a connected component of P~p{V') and U' is compactly 
contained in V' . Therefore the restriction of PP : U' ^ V is a polynomial like 
map. This restriction is also unicritical. 

So we have proved that P^ has a unicritical polynomial like restriction whose 
domain contains A. For the restriction, A is a Siegel disk of rotation number A 
and period one. Now we can either apply Herman's theorem (which works as well 
for unicritical polynomial like maps): the critical point c' must belong to dA. This 
contradict our standing assumption that P(c') ^ dA. Or instead we can conclude 
as in case [2] Fatou's theorem stating that i9A is contained in the w-limit set of the 
critical points also works for polynomial-like maps, and since the only critical point 
c' of our polynomial like map is in a Fatou component, it cannot accumulate on all 
of dA, leading to a contradiction. 

This finishes the proof of the second case: the assumption P(c') ^ dA leads to 
a contradiction. 
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